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Abstract. With the observational advance in recent years, primordial gravitational waves
(GWs), known as the tensor-mode cosmic perturbations, in the Loop Quantum Cosmology
(LQC) are becoming testable and thus require better framework through which to bridge
between the observations and the theories. In this work we present a new formalism that
employs the transfer functions to bring the GWs from any epoch, even before the quantum
bounce, to a later time, including the present. The evolutionary epochs considered here
include the possible deflation, quantum bounce, and inflation. This formalism enables us to
predict more accurately the GW power spectrum today. With the ADM formalism for the
LQC background dynamics, our approach is equivalent to the commonly used Bogoliubov
transformations for evolving the primordial GWs, but more transparent for discussions and
easier to calculate due to its nature of being linear algebra dealing with linear perturbations.
We utilize this advantage to have resolved the IR suppression problem. We also propose
the field-free approximation for the effective mass in the quantum bounce epoch to largely
improve the accuracy in the predicted GW power spectrum. Our transfer-function formalism
is general in dealing with any linear problems, and thus expected to be equally useful under
other context with linearity.
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1 Introduction
Loop Quantum Cosmology (LQC) is a simplified theory of Loop Quantum Gravity (LQG)
with the cosmological principle: the universe is homogeneous and isotropic on large scales [1].
It is based on the Friedmann-Robertson-Walker (FRW) model with the quantum corrections.
With the addition of a scalar field, the singularity problem in the standard cosmology [2] can
be avoided by a quantum bounce [3]. Therefore LQC provides a clean link between the present
universe and the ‘parent universe’ [4–6]. In this study, we presume the curvature constant in
the FRW model to be zero because the observational results shows that the spacial geometry
of our universe is consistent with being flat.
About the quantum corrections to the FRWmodel, a semi-classical approach is proposed
with the Hamiltonian formulation [7]. There are mainly two expected types of quantum
corrections from the Hamiltonian: holonomy [8–10] and inverse volume [11]. One can obtain
the equations of motion of the connection variables (known as the Ashtekar variables in LQC)
by calculating their Poisson brackets with the Hamiltonian. In this framework, the scale factor
is governed by the quantum corrected Friedmann equation [12, 13]. The cosmological inflation
– 1 –
is still required to solve the problems such as the horizon problem (pointed out by Charles
Misner in the late 1960s), the flatness problem (first proposed by Robert Dicke in 1969),
the monopole problem [14, 15], and others [16]. Fortunately, cosmological inflation occurs
naturally after the quantum bounce due to the existence of a scalar field [17].
The primordial perturbations in our universe within the framework of LQC are expected
to be different from those within the standard cosmology [18–21]. In particular we are inter-
ested in the tensor mode, which is known as gravitational waves (GWs). The power spectrum
of such primordial GWs in LQC has been calculated in previous studies using analytical and
numerical approaches [22–24]. Those studies used the Bogoliubov transformations to evolve
the GWs in LQC. The features of such primordial GWs may be observable in the B-mode
polarization of the Cosmic Microwave Background (CMB) [25, 26].
In this study, we propose a new formalism that employs the transfer functions to bring
arbitrary GWs from any given initial time to a designated final time. This enables us to evolve
the GWs from the parent universe through the possible deflation, the quantum bounce, the
inflation, and any epoch of our interest. In particular, we discuss GWs with the holonomy
corrections [23, 27, 28]. Our formalism is so transparent that we are able to resolve, for
example, the IR suppression problem. We also show that our new approach using the trans-
fer functions is equivalent to and produces same results as the Bogoliubov transformations,
but with great simplicity and thus much lower cost in calculation. This advance should be
beneficial to those studying the GWs in LQC.
In addition to the transfer-function formalism, in this work we shall propose the ‘field-free
approximation’ for the effective mass in the quantum bounce epoch, which in turn dramati-
cally improves the accuracy in the predicted GW power spectrum.
Here is the layout of the paper. Section 2 provides and discusses the background dynam-
ics of cosmic evolution within the context of the LQC. Section 3 introduces the new formalism
that employs transfer functions. Section 4 and 5 calculate the transfer functions for all related
epochs of cosmic evolution. In particular the ‘field-free approximation’ is proposed to improve
on the handling of the effective mass in quantum bounce. Section 6 verifies the consistency
with the Bogoliubov transformations and considers additional but importantly related issues,
including resolving the IR suppression problem and improving the accuracy of the predicted
GW power spectrum using the field-free approximation. Finally, Section 7 summarizes the
work and gives conclusions. The units of all physical quantities appearing in this paper are
normalized to the Planckian units (c = G = ~ = kB ≡ 1) except for those specially labeled.
2 Cosmological background dynamics
We start by considering the effective Hamiltonian of background dynamics in LQC with
nth-order holonomy corrections in terms of the connection variables p and c [29]:
H
(n)
µ¯ = H
(n)
grav +Hφ = −
3
8piγ2
(c
(n)
h )
2√p+ pi
2
φ
2p3/2
+ p3/2
m2φφ
2
2
, (2.1)
where the Chaotic potential V (φ) = m2φφ
2/2 has been used with a scalar field φ, its conjugate
momentum piφ, and its mass mφ, which has been chosen as 10
−6 throughout this paper; the
Barbero-Immirzi parameter [30, 31] γ = log(3)/
√
2pi can be obtained from the computation of
the entropy of black holes [32]; the nth-order holonomized connection variable c
(n)
h is defined
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by [9]
c
(n)
h ≡
1
µ¯
n∑
k=0
(2k)!
22k(k!)2(2k + 1)
(sin µ¯c)2k+1; (2.2)
a discreteness variable µ¯ =
√
∆/p is defined in Ref. [4], with ∆ = 2
√
3piγ being the standard
choice of the area gap in the full theory of LQG.
The connection variables are related to the cosmic scale factor a and the Hubble param-
eter H by [12]
|p| = 1
4
L2a2 =
1
4
a2, c =
1
2
L(K + γaH) =
1
2
γaH. (2.3)
They satisfy the canonical relation [12]
[c, p]PB =
8piγ
3
. (2.4)
The subscript ‘PB’ denotes that the calculating rule follows ‘Possion Bracket’ rather than the
commutation. The curvature parameter K of the FRW metric vanishes as we consider a flat
universe here. We have chosen the coordinate length of the finite-sized cubic cell L in LQG
to be unity. The scalar field and its conjugate momentum satisfy the canonical relation [9]
[φ, piφ]PB = 1. (2.5)
By imposing the condition of the Hamiltonian constraint [33]
H
(n)
µ¯ = 0, (2.6)
we may have a lapse function N for changing the time variable from the coordinate (proper)
time t to a new parametric time t′ via dt′ = N−1dt. The corresponding Hamiltonian with the
new time variable is therefore H
(n)′
µ¯ = NH
(n)
µ¯ . The new time variable t
′ in the case N =
√
p
corresponds to the conformal time η defined by dη = a−1dt. The four equations of motion
can then be obtained as
dq
dt
= [q,H
(n)
µ¯ ]PB, (2.7)
where q represents p, c, φ, or piφ [27].
In the simplest prescription of the holonomy corrections n = 0, the connection variable
reduces to [9, 10]
c
(0)
h =
sin µ¯c
µ¯
. (2.8)
The total Hamiltonian becomes [28]
H
(0)
µ¯ = −
3
8piγ2
sin2 µ¯c
µ¯2
√
p+
pi2φ
2p3/2
+ p3/2
m2φφ
2
2
. (2.9)
Thus the energy density of the scalar field should be [28]
ρφ =
pi2φ
2p3
+
m2φφ
2
2
=
3
8piγ2∆
sin2 µ¯c, (2.10)
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in order to satisfy the Hamiltonian constraint. We can see that a quantum bounce occurs
when ρφ reaches its maximum, which we call the critical energy density [9]
ρc =
√
3
16pi2γ3
. (2.11)
In the meantime,
c(t = 0) =
pi
2
√
p(t = 0)
∆
. (2.12)
We set the proper time t to be zero at the quantum bounce. With Eq. (2.6) and Eq. (2.12),
and choosing the scale factor to be unity at t = 0, we already have three conditions for solving
the four coupled equations of motion. The last condition we need is the relation between the
scalar field and its conjugate momentum at t = 0.
As considered in the literature, the relation between the scalar field and its conjugate
momentum (more precisely, the ratio between the potential and the kinetic energy of the
scalar field) at t = 0 determines the time-symmetry of cosmological background with respect
to the quantum bounce [28, 34]. As mentioned above, ρφ = ρc is satisfied at t = 0. We have
1
2
φ˙2 +
1
2
m2φφ
2 = ρc. (t = 0) (2.13)
Now we define a new parameter θB by
cos θB =
1√
2ρc
φ˙ , sin θB =
1√
2ρc
mφφ , (t = 0) (2.14)
so that the time-symmetry of cosmological background is simply described by θB .
Theoretically the value of θB lies within the interval [0, pi/2]. The special case θB = 0
corresponds to a time-symmetric cosmological background with φ = 0 at t = 0 with a Chaotic
inflation. In the literature asymmetric backgrounds are considered. For example the ‘shark-
fin type’ background [28] gives a relatively large expansion ratio of the universe through the
quantum bounce and inflation and thus in turn helps solving the cosmological problems such
as the horizon problem and the flatness problem.
In the framework of LQC, the singularity problem of the standard cosmology is avoided
by introducing the quantum bounce. This allows for the existence of the pre-bouncing phases
and thus the so-called ‘parent universe’. To provide a complete recipe for evolving the GWs in
LQC, in the next sessions we shall consider all the related stages of cosmic evolutionary his-
tory: pre-deflationary contraction, deflation, quantum bounce, inflation, and post-inflationary
expansion.
3 New approach to gravitational-wave evolution
3.1 Overview on modern research
In the standard cosmological model the large-scale cosmic structures are originated from the
primordial perturbations created through the quantum fluctuations during inflation. The
inflationary process froze out the pair-created gravitons and thus generated the GWs as the
– 4 –
by-product of inflation. The standard power spectrum of these primordial GWs on sub-horizon
scales in a de Sitter expansion is
P stdT =
8piH2
k3
, (3.1)
where k is the wavenumber, and H is supposed to be constant during inflation.
Recent studies considered the primordial GWs generated during the quantum bounce
in LQC [27, 28] but not earlier. However, there could be GWs even in the parent universe
surviving the quantum bounce and manifesting themselves today with different features as
compare with those studied before. Thus one of the major contributions of our work is to
provide a new framework that enables us to evolve the ‘pre-existing GWs’ from the parent
universe through the quantum bounce to the end of inflation and even to the present.
3.2 Gravitational waves in loop quantum cosmology
The evolution of GWs in LQC can be described by the wave equation [21]
d2
dη2
hji + 2H
d
dη
hji + (−▽2 +m2Q)hji = 0. (3.2)
The GW functions are given by hji = h
j
i (η,x) with h
1
1 = −h22 = h⊕ and h12 = h21 = h⊗ in
the transverse-traceless gauge. They are decomposed from the metric perturbations. The
holonomy correction term mQ is given by [21]
m2Q = 16pia
2 ρ
ρc
(
2
3
ρ− V ), (3.3)
which vanishes in a classical regime.
It is clear that there exists a damping term in the wave equation. It means that GWs
will be diluted by the cosmic expansion. Therefore, it is more convenient to solve the wave
equation and understand the physics by defining a new comoving function u [28]:
u = u(x, η) =
ah⊕√
16pi
=
ah⊗√
16pi
. (3.4)
In the Fourier space, the wave equation then becomes [28]:
d2
dη2
u˜k(η) + (k
2 +m2eff)u˜k(η) = 0, (3.5)
where
u˜k = u˜k(η) =
∫
d3k
(2pi)3
u(x, η)e−ik·x, (3.6)
and the effective mass is defined as
m2eff = m
2
Q −
1
a
d2a
dη2
. (3.7)
Figure 1 shows the effective mass as a function of the conformal time. The part for η < 0
is not shown as it is expected to be almost time-symmetric with respect to η = 0. The blue-
dashed line is our numerical result, indicating the inaccuracy of other approximations which we
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Figure 1. The effective mass as a function of the conformal time, evolving from the quantum bounce
(η = 0) to the beginning of inflation (η = ηb).
shall discuss later. The effective mass is relatively large around the quantum bounce, meaning
that the quantum effects acting on GWs become significant near the quantum bounce. In
addition, Eq. (3.5) also tells us that the quantum effects behave much more obviously on
larger scales (smaller k). This feature provides critical insight into the observational tests for
such quantum effects at the bounce.
Such scale-dependent features can also be argued from a different perspective through
the comoving coordinates. The wavenumber k is related to the comoving wavelength λk of the
GW as λk ∼ 2pi/k. According to Eq. (3.5), the GWs reduce to plane waves on small scales.
On the other hand, the comoving Hubble radius goes to infinity at the quantum bounce, which
is the turning point (H = 0) of the cosmic contraction. It means that the whole universe is
in causal connection due to strong quantum effects at the bounce. For a GW originally on
super-horizon scales evolving through the quantum bounce, it will suddenly oscillate after the
horizon entry near the bounce. Therefore, we expect that the large-scale power spectrum in
such scenarios to be potentially different from that in the standard model.
3.3 The transfer functions
Eq. (3.5), which governs the evolution of the GWs, is a linear second-order ordinary differential
equation of u˜k(η), so for any given set of initial and final times there must exist certain transfer
functions connecting any arbitrarily given initial conditions with their final solutions. In other
words, if we define
U˜k(η) ≡
[
u˜k(η
′)
du˜k(η
′)
dη′
]
η′=η
, (3.8)
then the above statement goes as
U˜k(ηf) = Tk(ηi, ηf)U˜k(ηi), (3.9)
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where U˜k(ηi) is the initial condition at ηi, U˜k(ηf) is the final state at ηf , and Tk(ηi, ηf) is a
2× 2 transfer matrix that contains four independent transfer functions:
Tk(ηi, ηf) =
[
T (k)11 T (k)12
T (k)21 T (k)22
]
. (3.10)
These four transfer functions are independent of the initial condition and are purely deter-
mined by the evolution equation, whose form changes in different epochs following different
cosmological background dynamics.
If the evolutionary history of the universe can be divided into N epochs in sequence,
namely [ηxi , η
x
f ] (x = 1...N), then the overall transfer matrix Tk(ηi, ηf) can be obtained by
combining the transfer matrices Tx
k
(ηxi , η
x
f ) of each individual epoch:
Tk(ηi, ηf) =
1∏
x=N
T
x
k(η
x
i , η
x
f ). (3.11)
For a GW equation that can be solved analytically, its corresponding transfer functions can
be easily derived. In Appendix A, we use a toy example to demonstrate how we derive the
transfer functions from the analytical solutions of a linear equation of motion.
Now we demonstrate how to numerically obtain the transfer matrix of given ηi and ηf .
In principle we could numerically evolve any arbitrary initial condition U˜k(ηi) to obtain its
final state U˜k(ηf), and then derive the corresponding transfer functions, which should be
valid for any initial condition. As shown in Eq. (3.10), Tk(ηi, ηf) is a 2 × 2 matrix with
four transfer functions, so we need four equations to derive them. Eq. (3.9) actually provides
two ‘independent’ equations, so what we need to do is simply to evolve two different initial
conditions U˜
i(a)
k
≡ U˜(a)
k
(ηi) (a = 1, 2) into their final states U˜
f(a)
k
≡ U˜(a)
k
(ηf), and then we
are ready to solve for the four transfer functions using:
u˜
f(a)
k
= T (k)11u˜
i(a)
k
+ T (k)12
du˜k
dη
i(a)
, (3.12a)
du˜k
dη
f(a)
= T (k)21u˜
i(a)
k
+ T (k)22
du˜k
dη
i(a)
, (3.12b)
where a = 1, 2. The explicit forms of the solved transfer functions are:
T (k)11 =
u˜
f(1)
k
du˜k
dη
i(2) − u˜f(2)
k
du˜k
dη
i(1)
u˜
i(1)
k
du˜k
dη
i(2) − u˜i(2)
k
du˜k
dη
i(1)
; (3.13a)
T (k)12 =
u˜
f(1)
k
u˜
i(2)
k
− u˜f(2)
k
u˜
i(1)
k
du˜k
dη
i(1)
u˜
i(2)
k
− du˜kdη
i(2)
u˜
i(1)
k
; (3.13b)
T (k)21 =
du˜k
dη
f(1) du˜k
dη
i(2) − du˜kdη
f(2) du˜k
dη
i(1)
u˜
i(1)
k
du˜k
dη
i(2) − u˜i(2)
k
du˜k
dη
i(1)
; (3.13c)
T (k)22 =
du˜k
dη
f(1)
u˜
i(2)
k
− du˜kdη
f(2)
u˜
i(1)
k
du˜k
dη
i(1)
u˜
i(2)
k
− du˜kdη
i(2)
u˜
i(1)
k
. (3.13d)
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This provides a complete recipe for obtaining accurate numerical results. We always cross
check our numerical results with the analytical results, wherever the latter are available.
The numerical results are also useful for verifying our approximations where exact analytical
solutions are not available. Because of the cosmological principle, we shall drop the directional
dependence of k to consider only k ≡ |k| in the following discussions.
4 Transfer functions for inflationary and deflationary epochs
4.1 The slow-roll inflation
The definition of inflation is simply that the universe undergoes an era of accelerated expansion
(see Ref. [35] for a good review):
a¨ > 0. (4.1)
After the quantum bounce there are two periods when inflation occurs: the cosmological in-
flation in the standard cosmology and the super-inflationary phase near the quantum bounce.
In the following, we focus on the former, which is necessary for solving the cosmological
conundrums.
To investigate the inflationary epoch, we adopt the ‘potential slow-roll approximation’
(PSRA) [36, 37]. Under the PSRA, the Chaotic inflation may be approximated as the ‘de
Sitter expansion’, when the scale factor grows exponentially so that the Hubble parameter
stays as a constant HdS. The scale factors at the beginning (η = ηb) and the end (η = ηe) of
inflation are denoted as ab ≡ a(ηb) and ae ≡ a(ηe) respectively. The definition of conformal
time (see e.g. Ref. [38]) thus gives
η′ =
∫ a
ae
da
Ha2
=
1
HdS
∫ a
ae
da
a2
=
−1
aHdS
+
1
aeHdS
. (4.2)
We note that η′ is originated at the end of inflation while η is originated at the quantum
bounce, so η′ is negative during inflation. These are related as:
η′ = η − ηe. (4.3)
For more review on inflationary cosmology please refer to Ref. [39] and Ref. [35].
4.2 Analytical solutions with de Sitter expansion
In this epoch the quantum correction term m2Q in Eq. (3.2) vanishes, therefore Eq. (3.5)
becomes
d2
dη2
u˜k +
(
k2 − 1
a
d2a
dη2
)
u˜k = 0. (4.4)
In the regime of de Sitter expansion, Eq. (4.4) can be rewritten as:
d2
dη2I
u˜k +
(
k2 − 2
η2I
)
u˜k = 0 , ηI ≡
1
aeHdS
− η′, (4.5)
where ‘ηI’ denotes the conformal time defined in the inflationary epoch. It is obvious that
Eq. (4.5) is in the form of a Bessel differential equation of order 3/2, so its solution should
be simply the linear sum of Bessel functions:
u˜Ik(ηI) =A
I√ηIJ3/2(kηI) +BI
√
ηIJ−3/2(kηI), (4.6)
– 8 –
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Figure 2. The numerical (blue-dashed) and analytical (red-solid) results for the transfer functions
of GWs in de Sitter inflation with Chaotic potential. The consistency between the two is obvious.
where J is the Bessel function of the first kind. Here we use the superscript ‘I’ to denote
quantities specifically for the inflationary epoch. The coefficients AI and BI may be deter-
mined by the initial conditions. More details about the mathematics of Bessel differential
equation of order 3/2 are provided in Section 4.4, and the transfer functions corresponding
to Eq. (4.5) are presented as Eq. (4.23) in Section 4.4.
By taking the limit ae ≫ ab, the four transfer functions as defined in Eqs. (3.9) and
(3.10) for the inflationary epoch can be obtained as:
T I(k)11 =
aeHdS
k
[sin(k∆ηI)− j1(k∆ηI)], (4.7a)
T I(k)12 =
aeHdS
k2
[cos(k∆ηI)− j0(k∆ηI)], (4.7b)
T I(k)21 = −a
2
eH
2
dS
k
[sin(k∆ηI)− j1(k∆ηI)], (4.7c)
T I(k)22 = −a
2
eH
2
dS
k2
[cos(k∆ηI)− j0(k∆ηI)], (4.7d)
where ∆ηI ≡ ηe−ηb is the duration of inflation, and the j’s are the spherical Bessel functions
of the first kind. These four transfer functions are shown in Figure 2, where such analytical
results are numerically verified using Eq.(3.13) at high accuracy.
– 9 –
Although these transfer functions are obtained in a purely classical manner, they are
consistently useful in a quantum mechanical problem. Considering the quantum fluctuations
in the Minkowski spacetime (see e.g. Ref. [38])
u˜k(ηb) =
1√
2k
e−ikηb and
du˜k
dη
(ηb) =
−ik√
2k
e−ikηb , (4.8)
with the sub-horizon (large-k) limit
lim
k→∞
T
I(k) =
[
aeHdS
k sin(k∆ηI)
aeHdS
k2 cos(k∆ηI)
−a2eH2dSk sin(k∆ηI) −
a2eH
2
dS
k2
cos(k∆ηI)
]
, (4.9)
we can obtain the primordial tensor power spectrum at the end of inflation as
lim
k→∞
P dST (k) =
16pi
a2e
|u˜k(ηe)|2 =
8piH2dS
k3
= P stdT (k). (4.10)
This shows the consistency with the result from quantizing the GWs considered before.
In summary, we conclude that the transfer functions successfully classicalize a quantum
mechanical problem. The quantization process and the Bogoliubov transformations are now
substituted by simple algebraic calculations. In the later section we shall provide further
consistency check to show the power of the transfer functions.
4.3 A possible deflationary epoch in the parent universe
If there exists a parent universe, there must be a contractive process before reaching the
limit to trigger the quantum bounce. We thus consider in this process a possible ‘deflation’,
which shares the same mathematical definition with inflation as in Eq. (4.1). In addition to
the primordial perturbations, which are originated from the quantum bounce and inflation,
in this paper we also derive the transfer functions for the deflationary epoch, extending the
framework in literature well through the bounce backwards in time into the parent universe.
To handle deflation, we also employ the PSRA. Again the Hubble parameter is expected
to vary so slowly and thus well approximated by the ‘de Sitter contraction’, where the scale
factor decays exponentially so that the Hubble parameter stays as a negative constant HDdS <
0. We can then define the conformal time with an origin at the beginning of deflation as
η′D =
∫ a
aD
b
da
Ha2
=
1
HDdS
∫ a
aD
b
da
a2
=
1
HDdS
(−1
a
+
1
aDb
)
. (4.11)
Note that a < aDb during deflation so η
′
D is positive, and that
η′D = η − ηDb . (4.12)
The superscript or subscript ‘D’ denotes for deflation. The equation of u˜k in the deflationary
epoch can now be written as
d2
dη2D
u˜k +
(
k2 − 2
η2D
)
u˜k = 0 , ηD ≡ η′D −
1
aDbH
D
dS
. (4.13)
This is in the form of a Bessel differential equation of order 3/2 so its general solution is
u˜Dk (ηD) =A
D√ηDJ3/2(kηD) +BD
√
ηDJ−3/2(kηD), (4.14)
– 10 –
where the coefficients AD and BD may be determined by the initial conditions. The transfer
functions TD(k) ≡ TDk (ηDb , ηDe ) corresponding to Eq. (4.13) are presented as Eq. (4.26) in
Section 4.4.
As we shall argue in Section 4.4, TD(k) should be the inverse matrix of TI(k) if the
cosmological background is time-symmetric with respect to the quantum bounce. More details
about the transfer functions for Bessel differential equation of order 3/2 are provided below.
4.4 The transfer functions and their symmetric property in de Sitter space
The Bessel differential equation is a second-order linear ordinary differential equation [40]:
x2
d2u
dx2
+ x
du
dx
+ (x2 − n2)u = 0. (4.15)
A modified expression of the Bessel differential equation of order n is [40, 41]:
d2u
dx2
− 2α− 1
x
du
dx
+
(
β2γ2x2γ−2 +
α2 − n2γ2
x2
)
u = 0. (4.16)
Here the parameters α, β, γ and n are purely mathematical, not related to the cosmological
context. The general solutions are therefore [40]:
u(x) =
{
xα [AJn(βx) +BYn(βx)]
xα [AJn(βx) +BJ−n(βx)]
for integer n,
for non-integer n.
(4.17)
By comparing Eq. (4.5) and Eq. (4.13) with Eq. (4.16), we see that both Eq. (4.5) and
Eq. (4.13) are Bessel differential equations of order 3/2, and that
{α, β, γ, n} =
{
1
2
, k, 1,
3
2
}
. (4.18)
Substituting these numbers into Eq. (4.17) gives the general solutions as
uk(x) =
√
x
[
AJ3/2(kx) +BJ−3/2(kx)
]
. (4.19)
The resulting transfer functions T(k) ≡ Tk(x1, x2) that connect the initial state uk(x1) with
the final state uk(x2) are
T (k)11 = F4(kx1)F2(kx2)− F3(kx1)F1(kx2), (4.20a)
T (k)12 =
1
k
{F1(kx1)F2(kx2)− F2(kx1)F1(kx2)} , (4.20b)
T (k)21 = k {F4(kx1)F3(kx2) + F3(kx1)F4(kx2)} , (4.20c)
T (k)22 = F1(kx1)F3(kx2) + F2(kx1)F4(kx2), (4.20d)
with
F1(x) ≡ cos(x)− j0(x), F2(x) ≡ sin(x)− y0(x),
F3(x) ≡ cos(x) + y1(x), F4(x) ≡ sin(x)− j1(x),
(4.21)
where the y’s are the spherical Bessel function of the second kind. These results for the
transfer functions are exact without using any approximation.
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For the de Sitter expansion, where Eq. (4.2) is satisfied, we have
x2 =
1
aeHdS
and x1 = x2 +∆ηI ≈ ∆ηI ≫ x2 . (4.22)
The transfer functions for the inflationary epoch are therefore
T I(k)11 = F4(k∆ηI)F2
(
k
aeHdS
)
− F3(k∆ηI)F1
(
k
aeHdS
)
, (4.23a)
T I(k)12 =
1
k
[
F1(k∆ηI)F2
(
k
aeHdS
)
− F2(k∆ηI)F1
(
k
aeHdS
)]
, (4.23b)
T I(k)21 = k
[
F4(k∆ηI)F3
(
k
aeHdS
)
+ F3(k∆ηI)F4
(
k
aeHdS
)]
, (4.23c)
T I(k)22 = F1(k∆ηI)F3
(
k
aeHdS
)
+ F2(k∆ηI)F4
(
k
aeHdS
)
. (4.23d)
When taking the limit ae ≫ ab, Eqs. (4.23) reduce exactly to Eqs. (4.7).
An obvious fact is that the determinants of T(k) and TI(k) are both unity
det(T(k)) = det(TI(k)) = 1. (4.24)
However, the determinant of the T I(k) in Eqs. (4.7) is zero, not unity. This indicates that the
linear independence among the transfer functions is broken when taking the limit ae ≫ ab.
Therefore, we should be very careful whenever we employ Eqs. (4.7), which are not generally
valid.
For the de Sitter contraction, where Eq. (4.11) is satisfied, we have
x1 =
−1
aDbH
D
dS
and x2 = x1 +∆ηD ≈ ∆ηD ≫ x1 . (4.25)
The transfer functions for the deflationary epoch are therefore
TD(k)11 = F4
( −k
aDe H
D
dS
)
F2(k∆ηD)− F3
( −k
aDe H
D
dS
)
F1(k∆ηD), (4.26a)
TD(k)12 =
1
k
[
F1
( −k
aDe H
D
dS
)
F2(k∆ηD)− F2
( −k
aDe H
D
dS
)
F1(k∆ηD)
]
, (4.26b)
TD(k)21 = k
[
F4
( −k
aDe H
D
dS
)
F3(k∆ηD) + F3
( −k
aDe H
D
dS
)
F4(k∆ηD)
]
, (4.26c)
TD(k)22 = F1
( −k
aDe H
D
dS
)
F3(k∆ηD) + F2
( −k
aDe H
D
dS
)
F4(k∆ηD). (4.26d)
In a cosmological background that is time-symmetric with respect to the quantum
bounce, it is natural to expect that the deflation and inflation are also time-symmetric:
∆ηI = ∆ηD and aeHdS = −aDbHDdS . (4.27)
In such cases, we expect the transfer matrices for inflation and deflation to satisfy
T
I(k)TD(k) = TD(k)TI(k) = I, (4.28)
where I is a 2× 2 identity matrix. This is indeed verified by our results of transfer matrices.
Eq. (4.28) in turn implies that the evolution of GWs in these two stages behaves exactly as
time-reversed with each other.
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5 Transfer functions for quantum bounce epoch
5.1 Definition of the quantum bounce epoch
The Minkowski vacuum comes before the quantum bounce epoch, which is the first stage for
the primordial perturbations to travel through. In this work we define the quantum bounce
epoch to begin when the quantum effect of the spacetime becomes considerable (the quantum
gravity regime) and then to end at the beginning of inflation.
In Eq. (2.2), the discreteness variable µ¯ is directly related to the holonomy corrections,
so we could use µ¯ch to quantify the quantum gravity effect. Thus the quantum gravity regime
can be defined as the period when
0.01 < µ¯ch < pi − 0.01. (5.1)
The conformal time at the beginning of the quantum gravity regime ηi can then be defined
through
µ¯(ηi)ch(ηi) = pi − 0.01. (5.2)
We note that µ¯ch goes to zero when t ≫ 0 with the Ashtekar variables reduced to the
cosmological parameters in the standard cosmology. Although the above definition for the
quantum gravity regime is lack of strict physical justification, it is well motivated enough and
convenient for us to discuss the transfer functions in this paper.
In our definition, the quantum bounce epoch may contain a classical regime between the
quantum gravity regime and the inflationary epoch. In summary, the evolutionary history
before the end of inflation is now divided into the following stages (in temporal order): the
Minkowski vacuum, the quantum bounce epoch, and the inflationary epoch.
5.2 The field-free approximation for the effective mass
In our framework, a decisive factor for the evolution of GWs is the behavior of the effective
mass in Eq. (3.5). During the quantum bounce epoch, the quantum correction term m2Q
is critical and the effective mass depends on both the background dynamics and the scalar
potential, as indicated in Eqs. (3.3) and (3.7). In a previous study by Mielczarek et al. [28],
the effective mass is conveniently assumed to be a constant (k0) during the entire quantum
bounce epoch, as shown by the purple dot-dashed line in Figure 1. However, it is largely
discrepant from the numerical result, as presented by the blue dashed curve. Thus we propose
a new approximation for the effective mass in this section, and will compare its results with
literature in Section 6.1.
We approximate the effective mass in the following way. The simplest case is to consider
a scalar-field free cosmological background during the quantum bounce epoch. An exact
form of such an effective mass was derived as a function of proper time in Ref. [23]. Its
corresponding ‘approximated’ function of the conformal time was then provided but only in
the classical limit where |t| → ∞ [23]. Based on this result, we build a new analytical form
to approximate the numerical solution of the effective mass:
m2eff(η) =
{
k20 for −η∗ < η < η∗,
1
4η2 for ηi ≤ η ≤ −η∗ and η∗ ≤ η ≤ ηb,
(5.3)
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where [23]
k20 ≡ m2eff(0) =
16pi2γ2∆pi4φ
9(43piγ
2∆pi2φ)
5/3
, (5.4)
and
1
4η2∗
= k20 , (5.5)
with η∗ > 0. We call Eq. (5.3) as the ‘field-free approximation’, which is shown as the red
solid curve in Figure 1.
As mathematically argued before, the quantum effect for GWs is negligible on small
scales (large k) but critical on large scales (small k). Its physical reason is that when a large-
scale GW propagates through the quantum bounce, it experiences a longer m2eff -dominated
period than a small-scale GW. Therefore, the inaccuracy of any approximation for the m2eff
is expected to be larger on large scales (small k).
5.3 Analytical solutions with the field-free approximation
With the approximation of Eq. (5.3), the quantum bounce epoch can be further divided into
three stages: left, middle, and right, along the axis of conformal time. We shall use the
superscripts ‘L’, ‘M’, and ‘R’ respectively to label them.
Under the field-free approximation, the effective mass in the middle stage is a constant.
The GWs thus propagate like plane waves:
d2
dη2
u˜k + k
2
∗u˜k = 0, (5.6)
where k∗ ≡
√
k2 + k20 is the effective wavenumber of the plane waves (simple harmonic oscil-
lation). The general solutions can be obtained as (see Appendix A for details):
u˜Mk (η) = A
M cos(k∗η) +BM sin(k∗η), (5.7)
where the coefficients AM and BM may be determined by the initial conditions. Thus the
corresponding transfer functions are
T
M(k) ≡ TMk (−η∗, η∗) =
[
cos(2k∗η∗) 1k∗ sin(2k∗η∗)
−k∗ sin(2k∗η∗) cos(2k∗η∗)
]
. (5.8)
In the left and right stages, the equation of u˜k is the same because the effective mass is
time-symmetric with respect to the quantum bounce. According to Eq. (5.3), we have
d2
dη2
u˜k +
(
k2 +
1
4η2
)
u˜k = 0. (5.9)
This is a Bessel equation of order zero.
First in the right stage (η > 0), the general solutions are
u˜Rk (η) = A
R√ηJ0(kη) +BR√ηY0(kη), (5.10)
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where J and Y are the Bessel functions of the first kind and the second kind respectively,
and coefficients AR and BR may be determined by the initial conditions. The corresponding
transfer functions TR(k) ≡ TRk (η∗, ηb) are
TR(k)11 =
1
D(η∗)
√
ηb
η∗
[CY (η∗)J0(kηb)− CJ(η∗)Y0(kηb)], (5.11a)
TR(k)12 =
√
η∗ηb
D(η∗)
[J0(kη∗)Y0(kηb)− Y0(kη∗)J0(kηb)], (5.11b)
TR(k)21 =
1
D(η∗)
1√
η∗ηb
[CY (η∗)CJ(ηb)− CJ(η∗)CY (ηb)], (5.11c)
TR(k)22 =
1
D(η∗)
√
η∗
ηb
[J0(kη∗)CY (ηb)− Y0(kη∗)CJ(ηb)], (5.11d)
where
CY (η) =
1
2
Y0(kη) + η
d
dη
Y0(kη), (5.12)
CJ(η) =
1
2
J0(kη) + η
d
dη
J0(kη), (5.13)
D(η) = CY (η)J0(kη)− CJ(η)Y0(kη). (5.14)
Similarly in the left stage (η < 0), the general solutions are
u˜Lk (η) = A
L√−ηJ0(−kη) +BL
√−ηY0(−kη), (5.15)
where the coefficients AL and BL may be determined by the initial conditions. The corre-
sponding transfer functions TL(k) ≡ TLk (ηi,−η∗) are
TL(k)11 =
1
D(−ηi)
√
η∗
−ηi [CY (−ηi)J0(kη∗)− CJ(−ηi)Y0(kη∗)], (5.16a)
TL(k)12 =
1
D(−ηi)
√−ηiη∗[J0(−kηi)Y0(kη∗)− Y0(−kηi)J0(kη∗)], (5.16b)
TL(k)21 =
1
D(−ηi)
1√−ηiη∗ [CY (−ηi)CJ(η∗)− CJ(−ηi)CY (η∗)], (5.16c)
TL(k)22 =
1
D(−ηi)
√−ηi
η∗
[J0(−kηi)CY (η∗)− Y0(−kηi)CJ(η∗)]. (5.16d)
Finally according to Eq. (3.11), the overall transfer functions of the quantum bounce
epoch can be obtained by combining Eqs. (5.8), (5.11), and (5.16):
T
B(k) ≡ TBk (ηi, ηe) = TR(k)TM(k)TL(k). (5.17)
Figure 3 shows the results. The ‘horizon(i)’ in the horizontal axis is the horizon size of
causal contact at the beginning of inflation. As expected, the field-free approximation works
well at large k (small scales). To take the advantage of this fact, we can consider only the
cosmological models where the ‘horizon(i)’ is larger than the horizon today so that all the
observable GWs today will have wavelengths much smaller than the horizon size at early times
– 15 –
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Figure 3. The numerical (blue-dashed) and analytical (red-solid) results for the transfer functions
of GWs in the quantum bounce epoch with Chaotic potential. We have applied the field-free approx-
imation for meff .
and thus eligible for taking the large-k limit. In such cases, we not only avoid the inaccuracy
shown in Figure 3 but also get better physical insight for the evolution of GWs.
The Bessel functions of order zero and their derivatives under the large-k limit are [42]
lim
k→∞
J0(kη) = lim
k→∞
d
kdη
Y0(kη) =
√
2
pikη
cos
(
kη − pi
4
)
, (5.18)
lim
k→∞
Y0(kη) = lim
k→∞
−d
kdη
J0(kη) =
√
2
pikη
sin
(
kη − pi
4
)
. (5.19)
Therefore the transfer functions in the right and left stages under the large-k limit are
lim
k→∞
TR(k) =
[
cos(k∆ηR)
1
k sin(k∆ηR)
−k sin(k∆ηR) cos(k∆ηR)
]
, (5.20)
lim
k→∞
TL(k) =
[
cos(k∆ηL) − 1k sin(k∆ηL)
k sin(k∆ηL) cos(k∆ηL)
]
, (5.21)
where ∆ηR = ηb − η∗ and ∆ηL = −η∗ − ηi.
One interesting feature in this result is that the forms of the transfer functions in the left
and right stages have a time reversal symmetry. It means that the field-free approximation
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leads to a time-symmetric quantum bounce effect. This is actually not surprising because
according to Section 2 the cosmological background should be time-symmetric with respect
to the quantum bounce if there is no scalar field.
Under the large-k limit, GWs behave just like plane waves during the entire quantum
bounce epoch because the effective mass is negligible. In such case the transfer functions
should possess the simple form for plane waves:
lim
k→∞
TB(k) =
[
cos(k∆ηB)
1
k sin(k∆ηB)
−k sin(k∆ηB) cos(k∆ηB)
]
, (5.22)
where ∆ηB = ηb − ηi = ∆ηL + ∆ηM + ∆ηR. Indeed this is exactly the same as the result
that we obtain from our Eq. (5.17) with Eqs. (5.8), (5.11), and (5.16) under the large-k limit
(k →∞).
6 Discussion
6.1 Consistency with the Bogoliubov transformation
We first lay out the framework of the Bogoliubov transformation in literature [28] and then
link it to our new approach of transfer functions for cross checking. In their approximation
for the effective mass, there are three evolutionary stages and hence we need three transition
matrices for transforming the creation and annihilation operators. In our notations, they are
M
V
k (η) =
[
1√
2k
e−ikη 1√
2k
eikη
−ik√
2k
e−ikη ik√
2k
eikη
]
, (6.1)
M
B
k (η) =
[
1√
2k∗
e−ik∗η 1√
2k∗
eik∗η
−ik∗√
2k∗
e−ik∗η ik∗√
2k∗
eik∗η
]
, (6.2)
M
I
k(η) =
[
gk(η) g
∗
k(η)
d
dηgk(η)
d
dηg
∗
k(η)
]
, (6.3)
where the mode function gk(η) is
gk(η) = −
√
−piη−e
4
H
(1)
3/2(kη−e), (6.4)
which satisfies Eq. (4.5) with
uˆIk(η) = gk(η)bˆk + g
∗
k(η)bˆ
†
−k. (6.5)
Here H(1) is the Hankel function of the first kind, η−e = η − ηe, the superscripts ‘V’ and ‘B’
stand for the Minkowski vacuum and the quantum bounce respectively. The corresponding
mode function fk satisfying the plane wave equation is given by [28]
uˆVk (η) = fk(η)aˆk + f
∗
k (η)aˆ
†
−k. (6.6)
Conventionally aˆ†−k and aˆk are the creation and annihilation operators for the Minkowski
vacuum. Similarly bˆ†−k and bˆk are the creation and annihilation operators for inflation. The
mode functions fk and gk must satisfy the Wronskian condition [28]
W (fk, f
∗
k ) = W (gk, g
∗
k) = i. (6.7)
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Figure 4. The GW power spectra generated by the quantum fluctuations in the Minkowski vacuum
before the quantum bounce epoch. The results based on the Bogoliubov transformation (dashed) and
on our approach of transfer functions (solid) are totally consistent.
The Bogoliubov transformation is therefore[
bˆk
bˆ†−k
]
=
[
αk β
∗
k
βk α
∗
k
][
aˆk
aˆ†−k
]
. (6.8)
The coefficients αk and βk can then be determined as[
αk
βk
]
= MIk(ηb)
−1
M
B
k (ηb)M
B
k (ηi)
−1
M
V
k (ηi)
[
1
0
]
. (6.9)
Finally, the GW power spectrum can be obtained by
PT(k) = |αk − βk|2P stdT (k). (6.10)
Two interesting features can be revealed here. First, the initial GWs generated by the
quantum fluctuations in the Minkowski vacuum can now be derived as
M
V
k (ηi)
[
1
0
]
=
[
1√
2k
−ik√
2k
]
e−ikηi = U˜Vk (ηi). (6.11)
Secondly, the transfer functions of the quantum bounce epoch with the approximation m2eff =
k20 (for ηi < η < ηb) [28] are now given as
M
B
k (ηb)M
B
k (ηi)
−1 =
[
cos(k∗∆ηB) 1k∗ sin(k∗∆ηB)
−k∗ sin(k∗∆ηB) cos(k∗∆ηB)
]
≡ TB,old(k). (6.12)
The superscript ‘old’ stands for the results based on the approximation in literature [28]. We
shall discuss this in more details in Section 6.2.
Figure 4 compares the GW power spectra based on the Bogoliubov transformation
(dashed curve) and on our approach of transfer functions (solid curve). It is obvious that
they are totally consistent with each other.
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Figure 5. The primordial GW power spectra in the standard inflationary cosmology (solid) as
compared with the result based on sub-horizon approximation (dashed).
6.2 Resolving the IR suppression problem
In Figure 4, there is a clear suppression in the normalized GW power spectrum towards long
wavelengths (small k). This is called the IR suppression first pointed out by Ref. [28]. In this
section, we shall employ our transfer functions to show that the IR suppression is not of a
physical origin but a consequence of improper normalization.
The problem comes from the fact that the GW power spectrum in Figure 4 is normalized
to Eq. (3.1), which is valid only for the sub-horizon modes (large k). To reveal the super-
horizon behavior of the primordial perturbations, we take the small-k limit for Eq. (4.7):
lim
k→0
T I(k) =
1
3
[
2aeHdS∆ηI −aeHdS∆η2I
−2a2eH2dS∆ηI a2eH2dS∆η2I
]
. (6.13)
Then the GW power spectrum generated by the quantum fluctuations in de Sitter space is
lim
k→0
P dST (k) =
32piH2dS∆η
2
I
9k
∝ k−1. (6.14)
Eqs. (4.10) and (6.14) together conclude that P dST ∝ k−3 on sub-horizon scales (large k)
and P dST ∝ k−1 on super-horizon scales (small k). These behaviors can be seen in the red
solid curve in Figure 5. The transition of the two behaviors occurs at k × horizon(i) ∼ 1.
On super-horizon scales, this exact solution deviates significantly from the pure sub-horizon
approximation (dashed curve). In other words, taking the k−3 dependence throughout as the
primordial form to normalize the entire power spectrum would cause the deficit in the power
at small k, and thus the IR suppression problem.
Figure 6 shows the GW power spectrum normalized to its primordial power spectrum in
a realistic cosmological background. The brown dashed curve is normalized to P stdT (k) ∝ k−3
(sub-horizon approximation) so the expected IR suppression problem at small k is clear. On
the other hand, the red solid curve is normalized to the correct P dST (k) based on our formalism
of transfer functions, so the IR suppression problem disappears. The correctly normalized GW
– 19 –
PTnewHkLPTdSHkL
PTnewHkLPTstdHkL
0.1 1 10 100
0.001
0.01
0.1
1
10
100
k ´ horizonHiL
N
or
m
al
iz
ed
P T
Hk
L
Figure 6. The GW power spectrum normalized to its primordial power spectrum in a realistic cosmo-
logical model. The brown dashed curve is normalized to P std
T
(k) ∝ k−3 (sub-horizon approximation)
while the red solid curve is normalized to the correct P dS
T
(k).
power spectrum remains constant on the super-horizon scales while oscillating on sub-horizon
scales. It means that the GWs originally frozen outside the horizon will start oscillating after
the horizon entry.
6.3 Improvement from the field-free approximation
We now demonstrate how much our formalism could improve on the accuracy in evolving the
GWs, as compared with the literature [28]. In addition to the transparency of the transfer
function formalism in evolving the GWs, another major contribution of our work is the field-
free approximation, which provides a better estimate of the effective mass so as to improve
the accuracy in evolving the GWs during the quantum bounce epoch.
Ref. [28] assumes the effective mass to be a constant k0 throughout the quantum bounce
epoch. This leads to Eq. (6.12) in our formalism using transfer functions. In turn we could
obtain the GW power spectrum, which is shown in Figure 7 as the dot-dashed curve, labeled
with ‘old’. On the other hand, our field-free approximation, which divide and estimate the
evolutionary behavior of the effective mass into three stages (see Eq. (5.3) and Figure 1),
leads to the solid curve in Figure 7, labeled with ‘new’. These two results are compared to
the numerical solution (dashed curve). It is evident that our ‘field-free’ approximation leads to
a dramatical improvement, while the approximation in Ref. [28] results in an overestimation
by an order of about two. Although our result may be further improved on super-horizon
scales and on the phase accuracy, these issues are not critical as the causal horizon today is
required to be smaller than that at the beginning of inflation so that the observable scales
today should be at the large-k end of the diagram, where our approximation delivers a good
result.
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Figure 7. The predicted GW power spectra based on the ‘old’ (dot-dashed) and ‘new’ (solid) ap-
proaches as compared with the numerical result (dashed), all normalized to the same primordial
P dS
T
(k).
7 Conclusion
In this paper, we propose a new formalism that employs the transfer functions to evolve
the GWs. For the first time in literature this enables us to study the GWs even before the
quantum bounce. We offer the analytical forms of the transfer functions for the quantum
bounce epoch, the inflationary epoch, and the possible deflationary epoch. We also provide
a complete recipe for obtaining accurate numerical results and utilize it for our discussions
and to verify our results. In particular our transfer functions deliver accurate evolution for
the primordial GW power spectrum in the standard inflationary cosmology, and our field-free
approximation for the effective mass in the quantum bounce epoch dramatically improves the
accuracy in the predicted GW power spectrum.
We conclude our work by summarizing three essential advantages of the transfer function
formalism in evolving the GWs and obtaining their power spectrum.
(i) Simplicity: The transfer functions can bring the GWs from the initial state through
various epochs to the final state in a simple but accurate manner. It takes the advantage
of the linear algebra.
(ii) Intuitiveness: The transfer functions enable us to deal with the problems of the quantum
mechanics in a classical way. We have verified that they are a complete alternative
to the Bogoliubov transformations so that we do not need to calculate the Bogoliubov
transformations anymore. In addition, the k-dependence in the GW power spectrum can
be transparently revealed and we have take this advantage to resolve the IR suppression
problem.
(iii) Generality: The transfer function formalism is general in dealing with any linear prob-
lems. In cosmology, most perturbations of our interest are tiny and have evolved mostly
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in the linear regime. Thus we expect our formalism to be equally useful under other
context with linearity.
A A toy example for deriving the transfer functions of equation of motion
For demonstration, we consider a simple harmonic oscillator x = x(t) which follows the
equation of motion
x¨+ ω2x = 0. (A.1)
The solution is well-known as
x(t) = A cosωt+B sinωt, (A.2)
where A and B are arbitrary coefficients, which may be determined by the initial conditions
at ti through {
x(ti) = A cosωti +B sinωti,
x˙(ti) = −ωA sinωti + ωB cosωti, (A.3)
which lead to {
A = cosωtix(ti)− sinωtiω x˙(ti),
B = sinωtix(ti) +
cosωti
ω x˙(ti).
(A.4)
At the final time tf we then have{
x(tf) = cos(ω∆t)x(ti) +
1
ω sin(ω∆t)x˙(ti),
x˙(tf) = −ω sin(ω∆t)x(ti) + cos(ω∆t)x˙(ti). (A.5)
Therefore the transfer function matrix for the equation of motion is
Tω(ti, tf) =
[
cos(ω∆t) 1ω sin(ω∆t)
−ω sin(ω∆t) cos(ω∆t)
]
, (A.6)
where ∆t ≡ tf − ti. We note that this is obviously a rotation matrix of SO(2) group which
rotates the coordinates in the Cartesian plane counter-clockwise by an angle ω∆t about the
origin in Euclidean space.
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